Context-dependent network
estimation in high-dimensional

auto-regressive models

Lili Zheng
University of Wisconsin-Madison



Outline

- Networks in Auto-regressive Models

/



Neurons

Spike Train Data: Network among Neurons

200 700
Time (ms)

Network structure i1Is embedded In
spike train data

https://mathematica.stackexchange.com/questions/55845/spike-train-representation






Modeling Framework

. Observation { X' € IRM}IT:O, M nodes

A t+ 1 O 1 O
neuron 1 0§0 neuron 1 A = 0 0 05]¢e RMxM
neuron 2 @ ® neuron 2 R :
neuron 3 @ ® neuron 3 —08 0 O
Xt A Xt+1
A _ . influence of node m’ upon node m

m,m

XHH X~ p({A, XN, m=1,...M.

. Goal: estimate A € R"*M from X zT=o= with certain

p(+).



Prior work: Bernoulli autoregressive models

Observation:  {X'e RM}L,
Network parameter: A € RMM
Event intensity:  p't! = (A_ X"

el

XU Xt ~ Bernoull

1 + em

Events and network are not associatead

with context or “marks”

Hall et al., 2016; Mark et al., 2018
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Context-dependent Network Estimation
(Zheng, Raskutti, Willett and Mark, 2020)
Motivation

* Network depends on the categories of events

 Examples:
e Social media networks: family-focused, work-focused, and
political, etc.

 News media networks: business-related, sports-related
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Categorical Events: Multinomial Model

[yt MxK\T
. Observation: { X' € R¥™"}

M= number of nodes: high-dimensional e.q., K=2, left-leaning
K=number of categories: low-dimensional and right-leaning

¥t e, if node m has event type k at time t
"] O, if node m has no event at time t
Ho
I]D(X,f,,l+1=ek|Xt)— | 1<kSK

H:D(X;n+1 — OK‘XI) —

Event Intensity: ,utH (AVN. X"y + vy




Categorical Events: Multinomial Model

t+1 < A Xt) I/MN

mk mk

« Network parameter: AMN & RMXEXMXK

AMN = (absolute) influence of (event at node m’ in category k)
on (event at node 771 in category ).

AMN

1122 . the influence of the second twitter user’s right-leaning tweets
upon the first twitter user's left-leaning tweets




Categorical Events: Multinomial Model
-stimator

A MN — argmin L"N(A) + 1[|A]|

AERMXKXMXK

Negative log-likelihood function:

0 =1 3 3 e+ 3 e - 3|

t—O m=1

HAH — Z HA H This group-sparse regularizer promotes
R m,m’ L shared network structure across

categories



Events with Mixed Membership in Multiple Categories:
Logistic-normal Model

 News articles with mixed membership in multiple topics

t MXK\T
. Observe {X' € R"™ %},

t+1 - RS |
X+ | X = Z, ", with probability g, " (event occurs),
" Ox,  with probability 1 — g%

. (no event occurs),

. 7t e AKX mixed membership/composition in K
categories



Logistic-normal Model (Modeling Z")

Logisitic-normal distribution
Relative Noise e/*1 ~ 1/(0,%)

inteTnsity /
Zt+1

log X | X' =pt et 1<k<K-1

mk °

Baseline

e = (A X') + v

mk °

Network parameter



Logistic-normal Model (Modeling Z"

ﬂ’i‘;;{l _ <ALN Xt> + yn[;]kv

mk °

» Network parameter: AXN € RMX(E-DxMxk

ALN = relative influence of (event at node 71" in category )

on (event at node m in category k
compared to node m in category K)



Logistic-normal Model (Modeling ¢")

. q' depends on past events through logistic link

exp{(B,"", X) + 1,,""}

ﬂ:DXH_l 0) = t+1:
o 2 ) = o = exp (BB Xy + o)

. Network parameter; B¢ g RMXMxk

B}ﬁe””: overall influence of (event at node 71 in category )
on (event at node m).



Logistic-normal Model
-stimator

Loss functions for AXY ang BBe-

——

R

L1V) = ZTZ Z uYf“—ﬂ“%Am)uz
n IEJ h
Xt+1 ﬂ
T, = (X #0) Y e REL vl = log |
- _ I _ S _2(_"1_1&

— ————— R e ————— ————— ——

1 t Bern
LBern(B) —— Z lOg(l + €<B””’X Y+ )

H — (<Bm’ Xt> + nzern) 1 {(X+1£0)

e s e e



Logistic-normal Model
-stimator

0<a<l
adjust for unknown
noise level 2

Estimator: / /

(A LN B Berny — min aLEN(A)+(1 — a)LB(B) + AR (A, B)

R(A.B)= Y <aHAm,:,mf,:nF+ (1 = @)l1B,,.13)°

m,m’

Joint Estimation for AXY and BZ¢™.

promotes shared network

structure between AN ang BBemn
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Statistical Guarantees
Assumptions:
 (Group sparsity:

* Sm = {m': ”Am,:,m’,:”FM> 0}, Pm = ‘Sm‘
P amer™™ "7 Z'Om

e Boundedness:
”A”oo,oo,l,oo — IIIE;CX 2 LmkE,lX |Amkm’k’| < C
m,

forA — AMN,ALN, (ALN, BBern)

o
m=1

Number of categories K, Offset parameters, covariance matrix
¥ € R&K a1l bounded.



Statistical Guarantees
Multinomial Model and Estimator

log M ) . N
If 1 = e T 2 p~log M, with high probability,

—~ slog M
| AMN — AMN)|2 <
T
~ loe M
| AMN — AV < s\/ gT

L = maximum in-degree of any node
§= sparsity, number of network edges

M = number of network nodes

| - [lg: group &4 , norm



Statistical Guarantees
Logistic-normal Model and Estimator

log M ) L .
If 1= Cw) — T2p log M, with high probability,

o~ ~ slog M
0(” A LN—ALN”IZ;-l— (1 _ Cl)” B Bern _ BBern”% 5 7%
R (Z\LN_ ALN ?Bern . BBern) < \/ log M
a K ~
T

L = maximum in-degree of any node

. M= number of network nodes
§ = sparsity, number of network edges



Rate Plots

How does mean squared error scale with s, M, T7?

| slog M
theoretical bound: -
« M e {20, 30, 50, 80}
0.35 . .
e K=2 —4—M=20,5=20,K=2
0.3 - M=30,s=30,K=2 |-
e T €[1000,150000] % 4 M=50,s=50,K=2
025 -$-M=80,s=80,K=2 |-
°pe{1,2,3}=>8:pl\/l §
D 0.2
ke
— L
- 2=k W 0.15
=
e non-zeros element of network 01|
parameters sampled from U(-2,2) ' .
0.05 ..,g..,..,.w.._u.‘._,&____“__*_
logM |
L A=C where C is chosen 0 | |
S 0 5000 10000 15000
by cross-validation Sample Size T

Multinomial: Mean squared error/(s log M)
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Shared Interpretation: Variable Importance Network

e Network parameters have different interpretations under the two
models

e Different parameterization can lead to drastically different network
estimates

.

Variable importance network:
prediction-based, non-parametric

! )A(t+1

. predlctlon

(1,1)—(2,1)




Variable Importance Network

(1,1)—(2,1)

X'(1,1)

—— (2,1) E pred|ct|on

1 & _
=0

V

— Xt+1 ‘Xt) _

’ .
’
’
’
’
’
’
’
’
’

— Xt+1 ‘Xt(l 1)))



Variable Importance Network

Variable importance network parameter V € RM*ExMxK

1 & _ _
Vdomade = 7= 2 SE0XG, = K, ) B X0 = B, 1K Gma. ko) )
=0

~.

substituted by one-step ahead
prediction of the fitted model

i

estimated version V

p’slog M

Under proposed models: || V - VH% < T



Variable Importance Network (on tweets example

parametric networks
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Variable Importance Network (on Meme Tracker

example

alertnaewsobserver
forbes @ (@) daytondailynews

gothamist © usatoday
bizjournals™ forums.g4tv

anadianbusiness

bostonherald

pmgvswile topnews.in

m K.reuters

(©) Webwires kingalp.
@ @

alertnaewsobserver
forbes @ @ daytondailynews

gothamis

bizjournals
canadianbusiness
newsday

pr-inside
@

denverpost bostonherald
pmewswire topnews.in

marketwat K.reuters

(@) W ebwineekingulp'
@ e

usatoday

variable importance networks

alertngewsobserver
forbes @ (@) daytondailynews

usatoday

forums.g4ty

ebay

newsday i g breitbart

. T

bostonherald

topnews.in

kK.reuters

kingalp.
@ O

alertnaiewsobserver
forbes @ O daytondailynews

gothamis’ . usatoday
bizjournals forums.g4tv
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Choice between the Two Approaches?

e Real world situation: we have compositional vectors for
all events

e Some nodes’ events exhibit mixed membership while
others’ events mostly fall in one category

!

Contaminated mixture model

Understand the performance of the two methods and
develop a better approach



Contaminated Mixture Model
e Non-overlapping sets /', U N, = [M],

.X;n_l_llXtN{

MN model, m &€ A,
LN model, me&WN,.

~

o T .
Observe {X'} _y
X =X itme NyorX =0
tme N and X = ¢,

Xitn,lz(K—l)

= ~ N (. 02][{-1)-
XK

log




Synthetical Example

> Blue/black/red/green
nodes(single category):

focus on one of the first 4

categories

multinomial model

o Purple nodes (mixed
membership):

uniform preterence,

in the first 4 categories

logistic-normal model

7 . Wi p—— 5

.’7 '.x EJ(» 'dl ‘3 "4 ‘o "?
v

Influence of node 1 on

node 6 Iin blue category



Synthetical Example (Estimates Comparison)

o o @ © < o

w &(
o o ' ’h‘

° =9 ~
o) [ 2 \d”“ e 0 [ ] O o
N
¢ o oG -¢ ‘ & o o o ¢ ¢ ¢ & @
True network Multinomial network estimate Logistic-normal network estimate

More accurate for the first More accurate for the
type of nodes second type of nodes




Testing Procedure

Log likelihood-ratio for node m:

1 Il 3 -
Rm — ? Z fLN(Ama Uma Z;Xta Xitf}jl) T fMN(Am’ Um’ a, 02; Xt’ Xltfljll_l)’
=0

Estimate parameters under each model == R

5

............

MN nodes

Synthetic example e

25 +

s 4 o
LN nodes

8 10 12 14 16



Synthetical Example (Estimates Comparison)

) ,c‘ o @
o o "
KALN  RRAD
¢ ¢ o &G & & &
True network Multinomial network estimate
® 4 () (©)
‘& &(”E @ @) o
= ;_4..l / : @
o oi dL‘d o & C
’/\ \ ™ )
¢ o ¢ ¢ & & & & ¢ o d ¢ o o @

Logistic-normal network estimate  Mixture network estimate
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Meme Tracker Data

How does the influence among online media

sources vary as a function of topics of news
articles?

* Data set: the MemeTracker data set
* News stories and posts of over 1 million online media sources.
* Phrases that have variants occur frequently online are recorded for
each post (August 2008 to April 2009)
* Filter out media sources based on frequency and language

« Run topic modeling (LDA) with 5 topics (K = 5):
Sports, International affairs, Lifestyle, Finance, Health.

http://www.memetracker.org/data.html



MemeTracker Data (Topic keywords)

Topics Keywords
Sports time, people, lot, thing, game, way, team, work, player, year
International people, country, government, time, united_states,
Affairs state, law, issue, case, work
Lifestyle life, people, man, family, love, water, woman, world, story, music
. market, company, business, economy, customer,
Finance , o
time, service, industry, bank, product
child, patient, food, health, people, drug, hospital,
Health

information, research, risk

« Choose 58 media sources (M = 58) (15 media sources with highest topic
weights for each of the first 4 topics)
« 1-hour discretization: 5807 time intervals (T = 5807)



MemeTracker Data (Supporting

* Phrase cluster data
 Each phrase cluster forms a cascade

—vidence for

» Supporting evidence for the edge from m’ to m:
o |f media source m posts a phrase cluster within an hour after
m”: influence-involved phrase clusters from m’to m

 Number and topics

—dges)



MemeTracker Data (Network Estimates)

earthtimes

earthtimes pr-inside

O 0 N
\
| Y

usatoday
A

' - -
*‘ - alertne? % - breitbart

O . .\
orbes .w 1 ,
‘wsw. c marketwatch © pzws
O
Multinomial network Mixture network  Logistic-normal network

blue edge: Sports; black edge: International affairs;
red edge: Lifestyle; green edge: Finance;



MemeTracker Data (Validate Edges)

Influence upon reuters.com

Media Total Number of Influence-involved Percent | Rank
Source Posted Phrase Clusters | Phrase Clusters
alertnet 2552 758 29.70% 1
uk.reuters 4998 875 17.51% 2
alertnet —— reuters
dielc‘_is"i‘on Tevea] Problem need Tt Gonal
EH(‘ i O resolution Slon lSlS " HLeHariona . .
.Mﬁ,ﬁe way "¢ CE) ST MP Sports Affairs Lifestyle | Finance | Health
,5;;:; . & ‘“@[O’”VE e“,»”nmen@ 0.1380 |  0.5647 0.0458 | 0.1370 | 0.1146
party q,l(arql ?§thﬂ idmlr %srltarl(lm .
Hl(% A t com l”u] 1 . . . .
Wo‘rfétk‘lamllon'?qﬁ’ee%ofrimge, Multinomial: International Affairs
interes tyea v 11fe tat . . .
a{?fm cepthing o 2Pa°E Mixture: International Affairs
d IPHITPHT - . . '
- glme*}o S efrort - Logistic-normal: Sports, International
1ealth goga . . .
peace eODl [ Affairs, Lifestyle, Finance

H(()H()I/EPIH t ,‘[:OI C €nonth




MemeTracker Data (Validate

Influence upon reuters.com

—dges)

Media Total Number of Influence-involved Percent | Rank

Source Posted Phrase Clusters | Phrase Clusters

alertnet 2552 758 29.70% 1

uk.reuters 4998 875 17.51% 2
uk.reuters — reuters
ge;tgngf‘\zvgl)%idt 1me..step - - 1
deat ppwer nternationa

gov’eanenot\é?ory po:] 1: {i Croo§m Sports . Lifestyle | Finance | Health
%%(Eos'% busmess reform 1tuat10n Affairs
plan pl j Al 0.2359 0.4634 0.1274 | 0.1384 | 0.0348

e\1dence
money

fo‘rice CI’GJI.L'C
* familyrecession, road child

gwcogﬂég%9ce

man

attack NQM CC_O_U_DJ
.e?’o.‘?? moment option

life

pre51dent

hel
Way candldate Fisk sP
yearpollcy

auto

crls%s point

place

(WOI’J?; )

Ch@hngedecml

d) problem natlon ’

election actionse

Finance

Logistic-normal: Sports, International
Affairs, Lifestyle, Finance
Mixture: Sports, International Affairs,
Finance
Multinomial: International Aftfairs,




MemeTracker Data (Network Estimates)
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Multinomial network Mixture network  Logistic-normal network

blue edge: Sports; black edge: International affairs;
red edge: Lifestyle; green edge: Finance;



MemeTracker Data (Validate

Influence upon wral.com

—dges)

Media Total Number of Influence-involved Percent | Rank
Sources Posted Phrase Clusters | Phrase Clusters
canadianbusiness 2339 252 10.77% 3
breitbart 19279 1408 7.30% 4
canadianbusiness —— wral
V?Fm)a};fich;CO”dlthﬁLTﬁb International
asset juity mil . .
o turnoil CE) S?t%e utlook Sports Affairs Lifestyle | Finance | Health
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MemeTracker Data (Validate

—dges)

Influence upon wral.com
Media Total Number of Influence-involved Percent | Rank
Sources Posted Phrase Clusters | Phrase Clusters
canadianbusiness 2339 252 10.77%
breitbart 19279 1408 7.30%
breitbart —— wral
. issue industry Sports Inti?f:;znal Lifestyle | Finance | Health
bus1ne§§;"“ @CQQQP'Q:@ 0.2412 0.3392 0.1030 | 0.2744 | 0.0423
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'Oﬂey Way jOb.

country.

Impact

tlontaypawr

Logistic-normal: Sports, International

Mixture: Sports, International Affairs,
Litestyle, Finance
Multinomial: Sports, Finance




MemeTracker Data (Validate Hypothesis)

The logistic-normal approach better for nodes whose events exhibit
mixed membership;
The multinomial approach better for nodes whose events fall in
one category only;

The mixture approach does well for both.

s?frifs uk.reuters breitbart alertnet can?ndeligbus

Top topic 0.4400 0.4061 0.5539 0.5694

Quantile 27.59% 8.62% 75.86% 84.48%
R, — 00 — 00 1.2601 1.4343
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Conclusion

- Directed graphs can be understood through
autoregressive models

- Context-dependent network:
explore single category v.s. mixed membership
data-dependent testing procedure

- Models with predictions

variable importance network

underlying'netvvork structure



Thank you!



